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Abstract:

In this paper, we introduce a new class of contractive mappings called generalized Fa-contractions and establish fixed
point theorems for such mappings in complete S-metric spaces. By employing the concept of a-admissibility, our results extend
and unify several known fixed-point theorems. Examples are provided to illustrate the applicability and significance of the main
results.
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Introduction:

Fixed point theory plays a central role in nonlinear analysis and has widespread applications across various fields such as
differential equations, optimization theory, game theory, and mathematical economics. Over the years, numerous generalizations
and extensions of Banach’s contraction principle have been developed to accommodate a broader class of spaces and mappings.
Among these generalizations, metric-type spaces such as G-metric spaces, b-metric spaces, and more recently, S-metric spaces
have received considerable attention. The concept of an S-metric space, introduced by Sedghi et. al., generalizes the notion of a
metric space by allowing the distance function to depend on three points instead of two. This framework has proven effective in
extending classical fixed-point results and analyzing the behavior of iterative processes in more flexible topological settings.
Several authors have contributed to the development of fixed-point theorems in S-metric spaces, incorporating various contraction
conditions and auxiliary control functions.

Another significant development in fixed point theory is the introduction of admissibility concepts, such as a-
admissibility, which was first proposed by Samet et al. This notion provides a useful framework to control the behavior of
mappings, particularly when dealing with non-self or discontinuous mappings. By combining a-admissibility with different
contractive conditions, many fixed-point results have been established in metric and generalized metric spaces.

Motivated by these advances, the present paper aims to introduce and study a new class of mappings,
termed generalized Fa-contractions, in the context of complete S-metric spaces. Our approach blends the flexibility of the S-
metric structure with the control provided by aa-admissibility and the generality of F-type contractive conditions. We establish
new fixed-point theorems that generalize, unify, and improve upon several existing results in the literature.

In addition, we provide illustrative examples to demonstrate the applicability of our theorems and to highlight the
advantages of our generalized framework. These results not only enrich the existing theory of fixed points in S-metric spaces but
also open avenues for further research in more abstract settings and practical applications where classical assumptions may not
hold.

Definitions:
1. Metric Space:
Let X be a non-empty set. A metric on X is a real function &, : X xX — R, which satisfies the following axioms:-
(i) di(x,y)=0forallx,yeX
(if) di(x,y)=0, ifandonlyifx=y
(iil) di(x, y) = ds(y , X) forall x,y € X,
(iv) diy(x, 2) <dq\(x, y) + dy(y, z) forall x,y,z € X.
The ordered pair (X, d,) is called a metric space and &,(x, y) is called the distance between x and y. The elements of X are called
its points.
2. Contraction Mapping: Let

Let (X, d,) be a metric space and a mapping d,: X — X is said to be contraction mapping if there exist a real number u
with 0 <u< 1 s.t.d, (p(X) , o(y) ) sud,(x,y) forall x, y € X and x #y, Thus, in contraction on X, the distance between the
images of any two points is less than the distance between the points.

3. Compatible Mappings:
Let (X, d;) be a metric space. The mappings Zand £ where #: X> — X and#£ : X — X are said to be compatible if

lim, ., d;, (A(F X, Vs 20)), T (A, A(Vn), £(z,))) =0
limn—»oc dl(’h(T(Yn'Xnt Yn))' g(h’(Yn)"ﬁ(Xn):h’(Yn))) =0
lim, ., d;, (A(F (20, Y0, X0)), T (A(20), A(yn), A(x,))) =0
Whenever {x,}, {y.} and {z,} are sequences in X such that
limF (X, Y, Zq) = lim A(X,) = X
lim F(yy, Xy, yn) = lim A(y,) =y and
limF (z,,y,,X,) = lim £A(z,) = z for some X,y,z e X.
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4. S-Metric Space:

Let X be a non-empty set. An S - metric on X is a function S : X® — [ 0, ) that satisfies the following conditions for all
X, Y, z,a€X.

e S(x,y,z)=0ifandonlyifx=y=z.

o  S(X,v,2) <S(x, x,a) tS(y, y, a) + S(z, z, a).

The pair (X, S) is called an S - metric space.
5. Complete s-Metric Space:

Let (X, S) be an S-metric space.

e Asequence {X,} ¢ X converges to x € X if S(x,, X,, X) — 0 as n — co. That is, for each € >0, there exists ny€N such that
for all n>ng. We have, S(X,, Xn, X)< €. We write X, — x for brevity.

e A sequence {x,} ¢ X converges to x is a Cauchy sequence if S(X,, Xn, Xm) —0 as n,m — oo. That is for each € >0, there
exists ngEN such that for all n, m > ny we have S(x,, X, Xm)< €. The S-metric space (X, S) is complete if every Cauchy
sequence is a convergent sequence.

6. Compatible:

Let (J, S) be an S-metric space. A pair {l, k} is said to be compatible if and only if lim,_,, S(lky,lku,lku) = 0,
whenever {u,} is a sequence in J such thatlim,,_,, lu = lim,_,, ku = r for some r €J.
Let (X, S) be an S-metric space.

o Asequence {x,} ¢ X converges to x € X if S(X,, Xn, X) — 0 as n —oo. That is, for each ¢ >0, there exists ng€N such that
for all n > ng we have S(X,, X, X) < &. We write for x, — Xx.

o Asequence {x,} ¢ X is a Cauchy sequence if S(Xp, X,, Xm) — 0 as n, m — oo.That is, for each & >0, there exists ng€N
such that for all n, m > ny we have S(X,, Xn, Xm) < €.

The S-metric space (X, S) is complete if every Cauchy sequence is convergent.
7. a - Admissible:

Let (X, S) be a S- metric space and T : X — X be a given mapping. We say that T is a - admissible if a(x, y, z) > 1 = a(
Tx, Ty, Tz)> 1, forallx,y,z € X
8.Let F:R" — R be a mapping satisfying:

o (Fy) Fisstrictly increasing.

e (F,) For every sequence {X,} ¢ R" ,we have,lim,_,., a, = 0 ©lim,_,., F(o,) = — .

e (F3) There exists a number ke (0, 1) such that lim,_,o- o*F (a) = 0.

In what follows, & stands for the family of all functions F which satisfies the above three conditions.
9. F- Contraction:

Let (X, S) be an S- metric space. A mapping T: X — X is said to be an F - contraction if there is a number © > 0 and
an FeF suchthat S(Tx, Ty, Tz)>0=1t+F (S(Tx, Ty, T2z)) <F (S(x,y, 2)), forall x,y,z € X.

10. F,- Contraction:

Let (X, S) be an S-metric space and let o : X x X x X — [0, ) be a function . A mapping T : X—X is called an F -
contraction, if there exist FEE and t© > 0 such that S(Tx, Ty, Tz) >0 = © +F (a(x, y, z) S(Tx, Ty, Tz)) <F(S(x, y, z)), for all x, y,
zeX.

11. o - Admissible Mapping:

LetT: X > Xand a,n : X x X x X — [0 ,to) be two functions. We say that T is an a - admissible mapping with
respect to 7, if for all x, y € X such that a(x, X, y)> n(x, ,X, y), then we have a(Tx, Tx, Ty) > n (Tx, T, Ty). If we take n(x, X,
y)=1, then T is called an a - admissible mapping. If we take a(x, x, y) = 1, then T is called - sub-admissible.

Main Results:
Theorem 1:

Let (X, S) be a complete S-metric space and let T: X — X be an f,- contraction, satisfying the following conditions:

e Tis a-admissible;

e there exists Xo € X such that a(xg, Xo, TXg) > 1;

e T is continuous.

Then, T has a fixed point.
Proof:

Let X, € X. Consider the sequence {x,} defined by x; = TXo, X = TX; = T?Xg, . . ., Xn = TXp.1 = T
By our assumption (ii), we know that (X, Xo, TXo) > 1 and as T is a-admissible, so, a(x1, X1, Xo) > 1 and by induction on n, we
conclude that a(Xy, Xn, Xn+1) > 1, for all n.

NOW, S(Xn: Xn, Xn+1) = S(Txn-la TXn—ly TXn) = 0‘(Xn-ln Xn-1, Xn)S(TXn—ly Txn-ly TXn)
=F(S(Xn, Xny Xn+1))< F((Xn-1y Xn-1, Xn) S(TXn-1, TXn-1, TXp))-

S0, F(S(Xn, Xny Xn+1))< F(S(Xn-1, Xn-1, Xn)) - T (1.2)
Now, S (X1, Xn-1 Xn) = S(TXn-2, TXn2, TXn1) < 0(Xn-2, Xn2, Xn-1) S(TXn-2, TXn2, TXpo1)

Thus,

F(S(Xn—lr Xn-1, Xn))< F((X(Xn.z, Xn-2, Xn-l) S(Txn»2: TXn-2, TXn—l))

Then, F(S(Xn-1, Xn-1, Xn))< F(S(Xn-2, Xn-2, Xn-1))- T (1.2)

Putting (1.2) in (1.1) we have

F(S(an Xns Xn+1)) < F(S(Xp-2: Xn-2, Xn—l)) -2t

Continuing in this way, we get,

F(S(Xn, Xny Xn+1))< F(S(X0, X, X1)) - 11T (1.3)
Now, let 0, = S(Xn, Xn, Xn+1)
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So, F(3,) <F(Qy) - nt (1.4)
Now, limF(3,) < lim(F(8,) - nt) = 1limF(5,) < - oo =lim (8,) =0

So, lim S(Xy, Xn, Xne1) = 0. (1.5)
Now, there exists k € (0, 1) such that lim(8,)* F(6,) = 0 (1.6)

Now, using (1.4) implies that 9% F(6,) < 8% (F(dy) - n7)

Adding and subtracting X F(6,) on left side of the above inequality, we get

0% F(8n)- 05 F(30)+05 F(8o) < 355 (F(do)- n)

=0 F(8,)- 0XF(8) < - 0nt

So, 0% F(0,) < 0XF(Jy) - d%nr. 1.7
Now, by applying limit on both sides, we have

lim 9% F(o,) < lim ok F(op) - lim 0Xnt = 0= 0- lim 0Xnt =1lim 0knt=0. =0knt< 1

1 n—oo n—oo
k k 1
Fort=1, an_n, =[ad; ]k <( ) =0, <
nk
Now, consider m, n ¢ N and m, n > n,, for more n,. Then

S(Xm, Xy Xn) <Om1tOmat...... + 0,
1
= Z[i)ozn ai = [iﬁ:n T < o0.
ik
Since, the series is convergent, the sequence {x,} is convergent, i.e., lim x, =X . Since T is continuous, we have

n—-oo
X = lim Xpy = limTx,= TX = TX =x.
n—-oo n—-oo

So, T has a fixed point.
Example 1:

Let X =R and S(x, y,z) = [x — z| + |y — z| be an S-metric space on X. Suppose that

emax &Y=z ifmax{x,y} >z 1,

= ’ ’ > and F(x) =-sinhx, T(x,y, z) =0.1.
a(x,y,2) {0’ ifmax{x y} < 2, (x) =3sinhx, T(x, y, 2)
We have to show that T + F(a (x, y, 2)S(Tx, Ty, Tz)) < F(S(x, y, 2)). (1.8)
Take the right side of (1.8).
Letx=0.3,y=0.2,z=0.1. We have 5(0.3,0.2,0.1) == [0.3 — 0.1| + |0.2 — 0.1] =
Now, F(0.3) = %sin h(0.3)= F(0.3) 0.3045202934456.

Also, 1(0.3, 0.2, 0.1) = emax{0:3,0.2}-0.1 = 02 = 1 93

Now, we have T(0.3) = 0.1, T(0.2) =0.1 and T(0.1) = 0.1. So, S(0.1, 0.1, 0.1) =0.

Then, F((1.22)(0)) = F(0) = %sin h(0)=0

Putting the values in (1.8), 0.001 + 0 < 0.3045202934456 = 0.001 < 0.3045202934456.

So, T is an F, - contraction. Now, we will show that T is a - admissible. Note that a ( Tx, Ty, Tz) = e™* 0.1,01}-01 = g0 = 1,

So, T is a- admissible. Now, let xo =1 e X =R.

o (1,1,0.1) = em(LH=01 = ¢09 =2 44 > 1,

Also, T is continuous, because T(x, Yy, z) = 0.1. so, T has a fixed point.

Theorem 2:
Let (X, S) be a complete S-metric space and T : X — X be a mapping. Suppose that there exist two functions o, 1 : X x

X x X — [0, +o0) such that T is a- admissible with respect to 1. Let r > 0, xg € B(Xg, 1) and y € ¥. Assume that x, y € B(xq, 1), a(X,

X, y) 2N, X, y) = S(Tx, Tx, Ty) < yS(x, X, y) 1.9

and 2 Z]i=0 v (S(Xo, X0, TXo)) <r for all j € N. (1.10)

Suppose that the following assertion hold :

® 0 (Xo, Xo, TX0) = M(Xo, Xo, TXo)
o for any sequence {Xn} in B(Xo,r) such that a(x,, X, Xn+1)> N(Xn,Xn, Xn+1) forall n e N U {0} and {x,} = ueB(Xq, r) asn

— oo, then a(Xn, Xp, 1)> n(xn,xn,u)for alln eNU {0} .

Then, there is a point X in B(xo, r) such that X" = Tx".

Proof:
Let Xge X be such that x; = Txg, Xo = Tx; = T(TXq) = T2, .

Continuing in this way we get  Xps; = TXp.

By assumption, a (xg, Xo, X1) > 1(Xo, Xos X1)

And as T is a- admissible with respect to 1, so we have

o (TX(), TXO, TX]_) > T](TX(), TXO, TX]_).

From which we can deduce that a (X1, X1, X2) > (X1, X1, Xo), Which also implies that

U.(TX]_, TX]_, TXZ) > T](TX]_, TXl, TXZ).

Continuing in this way, we get o (Xn, Xn, Xn+1) = M(Xn, Xn, Xn+1) forall n e N u {0}.

First, we will show that x, € B(xq, 1), forall neN. Using inequality (1.10) we have

S(Xo, Xo, TXo) <r.

It follows that x; € B(x, ).

LetX;,...,X € B(xo,r) forsomeje N.Ifj=2i+1, wherei=0,1,2,3,... % then using in equality (1.9), we obtain
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S(Xais1, Xaist, Xaivz) = S(TXaiy TXai, TXais) < W (Xait, Xait, Xai) < W(S(Xaiz, Xaiz, Xai1)) < WS (%o, Xo, X1).

Thus, we have S(Xpis1, Xais1, Xoir2) < W ™S(Xo, Xo, X1) (1.11)
Ifj =2i+2, then as Xy, Xy, ..., X; €B(xq, 1), where (i=0,1,2,... % )

we obtain, S(Xai«2, Xaisz, Xaisa) < WS (X0, Xo, X1). _ (1.12)
Thus, from inequalities (1.11) and (1.12) we have, S (Xj, Xj, Xj+1) < W'S(Xo, Xo, X1) (1.13)

Now, S(Xo, Xo, Xj+1) < 28(Xo, Xo, X1)+ 25(X1, X1, X2)F ... + 28(Xj, Xj, Xjs1) < 221:0 V! (S(Xo, X0, X)) < 1

Thus Xj.1 € B(xq,1). Hence x, € B(xo,r) , for all n € N. Now, inequality (1.13) can be written as S(Xn, Xn, Xn+1) < ¥"S(Xo, Xo, X1)
(1.14) forallne .

Fix € > 0 and let n (¢) € N such that Yy ™ (S(Xo, Xo, X1)) < &.

Let n, m € N with m > n > n(¢), then by using the triangular inequality, we obtain

S(Xn, Xny Xm) < 231 (X4, Xy Xir)

< 230y (S (X0 X0y X1)) < Bk ney W (S(Xo, X0, X1)) < &

Thus, we proved that {x,} is Cauchy sequence in (B(xg,r), S). as every closed ball in a complete S-metric space is complete, so
there exists X € B(Xq, r) such that x, — x". Also lim S(xy, X, x)=0 (1.15)

On the other hand from (ii), we have
ax, X, %) > nx, X, x,) forall neNu {0}
Now, using the triangular inequality, together with (1.9) and (1.16) we get,
S(TX', TX', Xaird) v (S(X, X, o)) < S(X, X, Xai).
So, we obtain that S(Tx", Tx", x') = 0, that is TX_ = X". Hence, T have a fixed point in B(xo, ).
If we take n(x, X, y) = 1, for all x, y € X, in the above result, we obtain the following result.
Corollary 1:
Let (X, S) be a complete S-metric space and T : X — X, r > 0 and x, be an arbitrary point in B(xy, r). Suppose that there
exist o : X X X x X — [0, +o0) such that T is a- admissible. For y € \P,
Assume that X, y € B(X, 1), a(x, X, y) > 1 = S(Tx, Tx, Ty) < y(S(x, X, y)) (1.17) and 2 ZJi:O v ! (S(Xo, X0, TXg)) <r forall j e N.
(1.18) Suppose that the following assertions hold:
L4 o (Xo, Xo, TXO) > 1.
e for any sequence {X,} in B(xy,r) such that a(x,, Xy, Xp+1)=> 1 for all n € N U {0} and {X,} — u e B(xg,1r) as n — +oo,
then a(x,, X, u)> 1 forallne N U {0} .
Then, there is a point X in B(xo, 1) such thatx = Tx'.
Corollary 2:
Let (X, S) be a complete S-metric space and T: X — X be a mapping. Suppose that there exist n: X x X x X — [0, +0)
such that T is n-sub- admissible. For y € P, and x, be an arbitrary point in B(x,, r).
Assume that X, y € B(xq,1), N (X, X, y) <1 = S(Tx, Tx, Ty) < y(S(x, X, y)) and 2 Z]i:o\l’i (S(Xo, Xo, TXg)) <r forall j € N.
Suppose that the following assertions hold:
*  N(Xo, Xo, TXo) = I.
o for any sequence {x,} in B(xq, 1) such that n(xp, X,, Xp+1) < 1 for alln e N U {0} and {X,} — ue B(Xy,1r) asn — +oo,
then N(xy, Xy, u) < 1 for alln e N U {0}
Then, there is a point X in B(xo, ) such thatx = Tx'.
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